Ž . We classify minimal pairs X, G for smooth rational projective surface X and finite group G of automorphisms on X. We also determine the fixed locus X G and the quotient surface Y s XrG as well as the fundamental group of the smooth part of Y. The realization of each pair is included. Mori's extremal ray theory and recent results of Alexeev and also Ambro on the existence of good anti-canonical divisors are used. ᮊ
INTRODUCTION
More than one hundred years ago, Kantor wrote a book on finite birational automorphism groups of rational surfaces. From the sixties to eighties, Manin, Iskovskih, Gizatullin also thoroughly studied G-rational surfaces defined over non-closed fields. One aim of theirs was to reduce to w x G-minimal surfaces. In Giz , G-pseudoprojective rational surfaces, which are not G-projective surfaces, are shown to be relative minimal elliptic surfaces; the same paper also shows that not every G-rational surface is w x G-pseudo-projective. Segre Seg did, among many other things, the classi-Ž w x. fication of Aut X for cubic surfaces X see also Ho2 . Recently, Aut X has also been classified again for the quartic del Pezzo w x w x surface in Ho1 . In Koit , automorphism groups of rational surfaces obtained by blowing up very general points in P 2 are completely classified. It is very desirable to test the modern machineries on the old subject and obtain a simpler proof at the same time.
In this note, we work over the complex numbers field C and consider Ž . pairs of X, G of an arbitrary smooth rational projective surface X with a fixed group G acting on it. To simplify the arguments, we assume also that G is cyclic of prime order. We believe that the general case could be handled similarly. Indeed, our last theorem deals with arbitrary G, where Ž we reduce to either G-stable conic fibration or the del Pezzo case see . Remark 5 .
Actually, this note is inspired by Bayle and Beauville's recent simple new w x classification of birational involutions of rational surfaces BB . Following w x it, we also adopt the latest Mori theory Mor . Though the theory has been developed along the course of classification of higher dimensional varieties Ž . dimension at least 3 , we will see how useful it is even for surfaces. First, it will help us to reduce to a G-minimal surface very quickly, which has Ž . either a G-stable conic-fibration Mori fibration , or a Picard number one quotient surface. The first case is easy to treat.
For the second case, we have two approaches. The top down approach is Ž . based on known information on Weyl groups W E of lattice E where n n w x w x we apply Manin's results in Man2 ; see also Re1 . For the bottom up Ž . approach more geometric , we will study the quotient surfaces; this approach is normally more difficult. To do so, we apply results of Alexeev and Ambro about the existence of a good member in the anti-canonical w x system Alex, Am ; implicitly we are also using Fujita's theory of polarized w x varieties, ⌬ genus zero case Fuj . This way, we avoid referring to the classification list of automorphism groups of del Pezzo surfaces X; such a list is available if K 2 is bigger. . Ž w x . w 2 Lemma 1.9 and MZ1, Lemma 6 ; for such S, it is also shown in MZ, x Ž 0 . Lemma 6 that S is abelian of order F 9. 1 Ž . 3 Kantor had classified automorphism groups of del Pezzo surfaces, though it was not told which automorphism is lifted from a del Pezzo surface of bigger degree. In this sense, the result in Theorem 4 and Kantor's book together complete the picture of automorphism groups of w x rational surfaces. In particular, we have to refer to Kan for the case Ž . w x where r Y -1. See also MZ, Zh2 .
Ž .
4 The difference of our approach from others lies in two aspects: Ž . p i we determine also the fixed locus X and the quotient surface Xr p Ž . Ž . and ii we include both the geometric approach bottom up , and the algebraic approach as an Appendix, though the uniqueness and realizability of pairs are only treated in the geometric approach.
PRELIMINARY RESULTS

Ž
. 1.1. Let X, G be a pair of smooth rational projective surface and a non-trivial finite group G acting faithfully on X. Denote by Y s XrG the quotient surface and : X ª Y the quotient map. Let f : Z ª Y be the minimal resolution. Note that Y is a rational surface by Luroth's theorem and Y has at worst quotient singularities and hence is simply connected w x Ko, Theorem 7.8 . We assert that X G is non-empty. Indeed, if X G is empty then the < < quotient map X ª Y is an unramified finite morphism of degree G over < < the simply connected surface Y, whence G s 1, a contradiction.
The following is well known Bri, Satz 2.11 ; for the smoothness of X we diagonalize the action locally and see that the fixed part is defined p Ž . by a local coordinate the eigenvector w.r.t. to the eigenvalue / 1 . . w x ported on f Sing Y and with the integral part ⌬ s 0, such that Ž . Ž Ž . . r X F n q 1, and r X s n resp. r X s n q 1 if and only if X is a nq 1 Ž n . w x smooth quadric hypersurface in P resp. X s P KO . Ž . Ž . Let F e G 2 be the projective cone, with vertex q , over a smooth e 1 rational curve of degree e in P e . Then the resolution of the vertex is the Ž w x. Ž . Hirzebruch surface F see Hart , where the ye -curve is the inverse of e eq 1 the vertex. F can also be embedded into P as a non-degenerate surface e eq 1 Ž w x. of degree e see Nag . The hyperplane section H of F : P is the e generator of the Picard lattice and is the image of a section on F disjoint e 2 Ž .
Ž .
Ž . from the ye -section; so H s e. One sees that r s e q 2 re ) 1. 
Ž .
where runs o¨er the set of primiti¨e pth root of 1, where a s 1r4,
Proof. Applying the topological fixed-point formula, we obtain
Ž . The Picard number X is 10 y K and also equals c q t p y 1 . So 1 X Ž . and 2 are proved. w x By the holomorphic Lefschetz fixed point formula ASIII, p. 567 , one has
where T is the tangent space of X at p , h is the generator of , and h
n j Ž acts on the normal bundle of R by a multiple a primitive pth root of j p .
1 . Letting h run in the set of generators of and taking sums for both p Ž . sides of the above equality, to prove 3 we only need to show py1 py1
. 2 x q p y 1 with x s to get rid of the denominators. The equalities p above were originally calculated by Cay Horstman and were kindly brought to our attention by Jonghae Keum.
In Lemmas 1.7᎐1.10 below, except Lemma 1.7 4 and Lemma 1.8, we assume only that X is a smooth rational surface and G a non-trivial finite group acting on it.
Ž
. G LEMMA 1.7. Suppose that rank Pic X m Q s 1. Then we ha¨e: Ž . tion formula similar to the one in Lemma 1.2 and the fact that the divisor yK is ample, we see that yK is Q-ample.
general member of P is smooth and irre-Y ducible, which does not pass through the singular locus of Y; one has also
X Y w x w x < < Ž By the main theorem of Am or Alex , dim P G 1 and a general . member P is smooth irreducible. Since P is Cartier and Y has at worst Ž . rational singularities for the second equality and by the Riemann᎐Roch Ž . Ž w x . theorem for the third one has cf. Art, Theorem 2.3
where P X is the proper transform on Z of P and D an effective divisor y1 Ž .
where the inequality is true because each com-
s 0 and D s 0 for D is negative definite Mum, p. 230 . So f P s P and Ž . Ž X . P is away from the singular locus of Y. Now 2 g P y 2 s 2 g P y 2 s Proof. In view of Lemma 1.7, we only need to show that Y is Gorenstein and P ; yK . By the assumption K q P is Q-linearly equivalent surface is a degree 1 del Pezzo surface on which acts faithfully and fixes 5 Ž . point wise a smooth member in the anti-canonical linear system. When Ž . < < X s X resp. X s X , y K has 10 nodal members forming two s I I X Ž -orbits, and one cuspidal member resp. 5 q 1 cuspidal members form-
5
. ing two -orbits .
1˜˜˜Ž
. Let Z ª P with Z s Z resp. Z s Z be the unique elliptic surface :
Ž . referred to as X s X , X s X , respectively which is etale outside the is totally ramified exactly along R and the point p , and X is a del
Ž . Pezzo surface with X s R@ p ; indeed, X has no y2 -curves and the 1 Ž U . < < only singular members / C in y K are 10 nodal curves lying over X Ž the two type I fibres on Z resp. five cuspidal curves lying over the type Let X ª P be a relatively minimal elliptic surface with a section and with two type I fibres F , F ; such an X is unique and the fibration has on X such that X 6 is a finite set and Y s Xr has exactly 3 singulari- all of its singularities.
1
Let X ª P be a relatively minimal rational elliptic fibration with type I , I , I , I singular fibres F , F , F , F and a section P . Such an elliptic ² : Ž . sees that X , with s g , consists of 6 points: g resp. g ; g fixes 6 Ž . the node p resp. the two nodes p , p ; the three nodes p , p , p of the 1 2 3 4 5 6 Ž . type I resp. I ; I fibre. Let X ª X be the smooth blow-down of the six 1 2 3 Ž . disjoint sections so that X is the degree 6 del Pezzo surface. Then X has 6˜6 Ž . an induced action so that X is still a 6-point set the image of X . 1, 1 , 1, 3 , 1, 3 Ž . relabelling, two disjoint sections P , P meet fibres in this way: P meets Proof. It suffices to show that the covering map X ª Y s Xr here 5 coincides with one in Example 2.4. We shall show that the relative minimal model of the induced elliptic fibration on Y has a type II U singular fibrẽ Ž . and only one section. To begin with, let X ª X be the blow-up of thẽ< < unique base point of y K with E the exceptional curve. Then X is a Xr elatively minimal elliptic surface with a section E. Since X contains nõ Ž . y2 -curves for yK is ample, each fibre of the elliptic fibration on X is Xĩ rreducible. The induced -action on X fixes the proper transform of R
5Ž
. also denoted by R, which is a smooth fibre now and stabilizes E. Clearlỹ the rational curve E has exactly two -fixed points: the intersection 5 E l R and one more point p on another fibre F . 
Ž .
F s 2, 7 imply that F is of type II and its image F is of type II at 1 1 1 Ž t s 0 with t the inhomogeneous coordinate of the base curve we arrange t . w x this way BPV, Table 6 , p. 159 . So Z is a rational elliptic surface with onlỹ˜Ž . one section E the image of E and we can identify it with either Z or Z . the image of R . It is known that such a cover is given by a relation
Subsection 2.4.1, our here coincides with the one in Example 2.4. This proves the lemma. -isomorphism.
5
Proof. A degree 5 del Pezzo surface X is the blow-up of 4 points p on i 2 Ž . P no three of them are collinear , and hence there is only one such X Ž 2 modulo isomorphism these 4 points p form a frame of P , and any other i . frame is mapped to this by a projective transformation . It is known that Ž . Aut X is the symmetric group S in 5 letters. Since all sylow-5 groups of 5 S are conjugate to each other, the lemma follows. Proof. Note that Y is a Gorenstein log del Pezzo surface with 3 singularities of type A , A , A in other notation. In view of Lemma 4.4, it of length 1, 3, 3. As in Lemma 2.14, Z is an almost del Pezzo surface with 1 2 < < < < K s 2, dim y K s 2, and a general member A of y K smooth . X time being with P the exceptional curve. Then Z is again an almost del 2 2
Pezzo surface with K 2 s 1. As in Lemma 2.14, let Z ª Z be the Z 3 2 2 < < blow-up of the only base point of y K with P the exceptional curve. Ž .Ž We shall frequently apply Lemma 1.6 to the extent that 9 y p y 1 3 .
2 Ž . y s s K , which is between 1 and 9 because X is del Pezzo Lemma 1.7 . 1 F b s 1 y mrn pr p y 1 -pr 
Ž
. Proof. By Lemma 1.10 a general member P is a smooth rational curve away from the singular locus of Y. Let P X s f U P and m s P 2 . Applying the cohomology exact sequence arising from the exact sequence, 
THE PROOFS OF THEOREMS AND COROLLARIES
Ž
. Let X, G be a pair with X a smooth projective rational surface and G w x a finite group acting effectively on X. We follow the approach in BB w x using the Mori theory. The cone theory Mor, Theorems 1.5 and 2.1 implies the decomposition of the closed cone of effective cycles with coefficients in R and modulo numerical equivalence,
where E E is a countable set of smooth rational curves C satisfying C 2 s w x y1, 0, 1. Passing to the G-invariant part, we get Mor, Proposition 2.6
CgF F w x where F F is the subset of curves C in E E such that R Ý gC is an 
Ž .
Then there is a G-stable cone fibration : X ª P 1 with a smooth rational cur¨e as its general fibre, such that e¨ery singular fibre is a linear chain of two Ž .
< Ž . Consider the case C F y1. Then C is a y1 -curve for C. K -0. If X k s 1, then C is G-stable, a contradiction to the minimality of the pair. 2 < <Ž . < < < <Ž .
y1 -curves which contradicts the minimality of the pair. So we may Ž . . kr2 so that an arbitrary element of G either stabilizes each of two Ž components in C q g C, switches them, or maps them to some g C q 
